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Abstract: We propose a matrix pencil method for designing one- or two- dimensional (1D or
2D) metalenses with randomly distributed meta-atoms. In contrast to the standard random
synthesis algorithm that only randomizes the position of the meta-atoms, the proposed
method designs both the position and phase of each meta-atom rigorously. Several all-
dielectric random metalenses, in both 1D and 2D operating at 220 GHz, are presented by
using our proposed algorithm. Minimum reduction of focusing efficiency can be achieved
with respect to a standard metalens with periodically arranged meta-atoms. In contrast to
previously reported random metalenses, our random metalenses achieve much higher
efficiency, while staying polarization-independent. This synthesis method will pave a way for
future random-metasurface-based device designs, which could have more degrees of freedom
to information multiplexing.

© 2018 Optical Society of America under the terms of the OSA Open Access Publishing Agreement
1. Introduction

Metasurfaces are widely designed for wavefront shaping at microwave and optical
frequencies [1-4], such as antennas [5-9], radar cross section (RCS) absorbers [10-15],
cloaks [16-20], holograms [21,22], flat lenses [23,24], achromatic metalenses [25-27], etc.
Wavefront shaping can be obtained by manipulating the phase shifts on the metasurface
[28,29]. The building blocks - i.e. meta-atoms - of the metasurface can be metallic or
dielectric, and the phase shifts can be obtained by leveraging Pancharatnam-Berry phase
[28,29], localized resonances [17,30], waveguide modes [24,31], effective refractive indices
[32-34], etc.

When designing a metasurface, the phase profile with respect to the positions required for
a specific application will be first calculated, then a set of meta-atoms covering 27 phase shift
range will be placed in a periodic grid to construct the target phase profile. The phase error
[35] will be produced during the design process: Numerical design of the meta-atoms are
usually done using periodic boundary conditions-assuming that the neighboring meta-atoms
are identical. However, it is not true for most of the cases. It leads to unexpected phase error,
especially where strong near-field coupling between the adjacent meta-atoms exists [35,36].

Recently, a new type of metasurfaces is proposed, where the meta-atoms are placed
randomly on a plane [37,38]. In contrast to the conventional design methods which result in
highly non-uniform distances between the neighboring meta-atoms, the random metasurface
design method predefines a minimum distance between the neighboring ones. We can have
uniform distances between the neighboring meta-atoms. These distances can be larger than
the minimum distance in a regular metasurface design, and thus reduce the effect of the near-
field coupling. In addition, by randomizing the meta-atoms, the metasurface can be
polarization-independent. However, it is difficult to rigorously design a random metasurface

#340431 https://doi.org/10.1364/OE.26.024702
Journal © 2018 Received 25 Jul 2018; revised 29 Aug 2018; accepted 29 Aug 2018; published 6 Sep 2018


https://doi.org/10.1364/OA_License_v1
https://crossmark.crossref.org/dialog/?doi=10.1364/OE.26.024702&domain=pdf&date_stamp=2018-09-06

Research Article

Optics EXPRESS

due to the large parameter pace. Here, we present a matrix pencil method that can efficiently
design both positions and phases of the meta-atoms for a random metasurface.

The matrix pencil method has been employed to synthesize the far-field pattern of a sparse
and random antenna array [39,40]. The method starts by sampling the desired pattern from the
original periodic antenna array to form a Hankel matrix, then singular value decomposition
(SVD) of this matrix is employed to obtain a reduced number of antenna elements, finally,
matrix pencil method is utilized to reconstruct new element positions and excitations. Here,
we employ the pencil method for synthesizing the far-field of random metalenses. Different
from an antenna array, the meta-atoms on a metalens are passive. The amplitudes of the
reflection/transmission coefficients are usually in a small range of variation e.g. [0.9, 1]. If we
directly employing the original matrix pencil method, a large range excitation amplitude will
occur. It leads to large side lobes, and results in a significantly reduced focusing efficiency.

To overcome this problem, we adapt the method pencil method, where the metasurface is
divided into sections and each section is synthesized separately. Both 1D and 2D metalenses
at 220 GHz with 85.2% and 78.2% focusing efficiencies are demonstrated with the proposed
method. Minimum reduction of efficiency can be achieved with respect to the standard
metalenses with periodic grids, while random metasurface will be polarization independent as
demonstrated in [37,38]. Better performance of a metalens can be achieved comparing with
the ones produced by the previously reported algorithm [37,38] with the same number of
meta-atoms.

2. Matrix pencil method for random metasurface synthesis

We adopt the matrix pencil method previously for synthesis of non-uniform antenna arrays
[39,40] for designing the random matasurface. We treat a 1D metasurface (along x direction)
as a linear antenna array, of which the far-field radiation pattern F'(8) can be expressed by

M
F(0)= le_e.fkd, cosé )
i=1
where R, is the complex excitation coeffcient of the i meta-atom located at x =d,, M is the

total number of meta-atoms, k is the wavenumber, and & is the angle between the far field
vector and ¥ . The goal of the matrix pencil method here is to synthesize a new 1D
metasurface with minimum number of randomly distributed meta-atoms while maintaining
the same desired far-field pattern with a small tolerance. By lettingu = cos@ and ), = kd, Eq.

(1) can be written as

M
F(cos™u) = ZRiej“"" )

i=1

To obtain the number of meta-atoms, their positions and excitation phases, the major steps of
the proposed method are:

First, we sample the far-ficld pattern of the metasurface in Eq. (2) of u in [-1, 1] in
uniform steps A satisfying Nyquist sampling criterion

A<t 3)

where A and d,,_are wavelength and total length of the metasurface, respectively. In this

paper, we choose A =1/M [39]. At each sampling point, we have
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f(n)=F(cos'nA)= iRizi” )

where z, = /",

Second, we should construct a Hankel matrix with the sampling points in the radiation
pattern

»(0) yd o y(M)
1 2) .- 1

[¥]= yE) y(: ) ) y(M:+ ) )
y(M) y(M+1) - y(2M)

where y(n)=f (n—M). The number of the meta-atoms can be determined by SVD of the
Hankel matrix

[Y1=[UI=Iv1” (6)

The diagonal entries o, of the diagonal matrix [>] are the singular values of [Y]. The columns
of [U]and[V]matrices are the left- and right- singular vectors, respectively. In general, [Y]is

a low-rank matrix, whose rank is smaller than its dimension. If we discard the singular values
which is smaller than a certain threshold € , we can rewrite Eq. (7) as

[%,1=[U, 112,117, 1" (7

The minimum number of meta-atoms Q can be obtained after discarding the small singular
values

M 2

o
i==q+1 1!

QO =mingq|l——<¢ ®)

20

we choose &€ =1x107 in this work.
Third, the new positions of meta-atoms can be obtained by solving a generalized
eigenvalue problem written below

([YQ,/]_ Z’[YQJ])V =0 9

where matrices[Y, ,]and [Y,,]are obtained from [¥,] by removing the first and last column,

respectively. The parameters of z; are equal to the nonzero eigenvalues of z'. Once z, is
obtained, the new positions of the meta-atoms can be computed by

1
d/=——In(z] 10
= A z) (10)

where j =+/~1. As noted in [39,41,42], we only use the real parts of d; . The estimated
excitations can be obtained by substituting the new positions d; into Eq. (4)

R =(121"12)) (2)F, (11)
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where 2/ = 2’/| 2’|

FM:(f(_M)s"'af(M))T (12)
M AI—M Ar—-M
z, z, e g
. g-M+L pmMAL | arMe
[Z1=|" : 2: - Q: (13)
AIM ~AIM arM
z z e z,

We can find the least squares solution of excitations using Eq. (11), which leads to reduction
of the error from discarding the imaginary part of the positions.

In contrast to a standard antenna array, where the excitation amplitude and phase can both
be varied, the passive metalenses can only have the phase changed. When we employ the
matrix pencil method to get a sparse and random metasurface, the computed excitation
amplitude will be non-uniform, which is undesired for a lens.

A series of transmission metalenses working at 220 GHz with randomly distributed meta-
atoms are designed to demonstrate the proposed algorithm. As shown in Fig. 1, the meta-
atoms are high-index dielectric pillars (Si: £ =11.9) embedded in a low-index dielectric slab

(RT/duroid 5880: &, =2.2,tand =9x107*). The anti-reflective layers on top and bottom of
the slab are made of RT/duroid 5880LZ (&, =1.96, tand =1.9x107).

The simulated phase shifts and transmittance versus the radius of the Si pillar with 0.344,
period is plotted in Fig. 1, A, is the wavelength in free space. It can be found that the meta-
atoms support 2w range of phase shift and simultaneously satisfy > 0.9 transmittance. The

numerical aperture (NA) of the designed 1D and 2D metalenses is about 0.45.
As shown in Fig. 2, we separate the metalens into three sections which have Q,, Q,, and

O, number of meta-atoms, respectively. For each section, we can get the normalized array
factor and the random meta-atom array can be synthesized by computing the excitation R/
and position d; according to Eq. (1)-(11). The far field of the periodic metasurface array can

be converted into a random array with a predefined tolerance. Figure 3 plots the far-field
normalized array factor (AF) curves of the original periodic array with 149 meta-atoms, the
random arrays with 111 and 86 meta-atoms when the matrix pencil method was directly
employed, and random array with 111 meta-atoms when the matrix pencil method with
sections was employed, respectively. The normalized AF in dB is defined as [43]

Normalized AF = 20log {%} (14)

where F__ (0) is the maximum value of array factor at@ =0 . Those curves match with each

max
other quite well, which indicates that the random arrays can well reconstruct the far field of a
periodic one. As noted above, not only the reconstructed far field, but also the near field can
affect the focusing efficiency of the random metalenses.
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Fig. 1. Accumulated phase differences and transmissions versus the radius of Si pillar at 220
GHz, inset is configuration of the unit cell, which is designed with low index dielectric slab

(RT/duroid 5880: &, = 2.2, tand = 9)(1074) patterned with high index dielectric pillars
(Si: €, = 11.9), the antireflective layer on the top and bottom are RT/duroid 5880LZ(
£ =1.96,tand =1.9x107).

The excitation amplitudes of the passive meta-atoms are roughly the same (within the
range of [0.9, 1], see in Fig. 1). We show the excitation amplitudes of the random arrays
generated by the matrix pencil method with and without sections in Fig. 4. As shown in Fig.
4, the normalized excitation amplitudes are in the range of [0.5, 1.0] for the proposed method
with 111 meta-atoms, while the range is [0, 1] for the same number when employed the
matrix pencil method directly. In the design of 111 meta-atoms with the original matrix pencil
method, the meta-atoms with amplitudes equal to 0 is outside of the antenna aperture and can
be removed. Therefore, we can keep 86 meta-atoms, which will have the normalized
excitation amplitudes be in the range of [0.4, 1.0]. In conclusion, with the proposed method,
we can obtain a random array with amplitudes in a relative smaller range.

Q A 0

|
y

r
Q 0 Q' Q'
Fig. 2. Separate the full metasurface array into sections, each section is employed to sparse and
reconstruct the far field, respectively. Q,, Q,,and Q, are the normalized array factor of each

. . . . ’ ’ ’ . .
sections in periodic array, 0, , O, , and O, are the corresponding number of synthesized

random metasurface meta-atoms with matrix pencil method, respectively.
3. Results and discussions

In this section, we will discuss how to choose a proper series of sparse factors O, to design a

high efficiency metalens. For the 1D metalens with 149 meta-atoms in Sec. 2. Taking
advantage of the central symmetry of the metalens, only half of the meta-atoms are required
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to be synthesized. We separate the original periodic array into Q) =20, O, =25, and

0, =30 from the side to center of metalens as shown in Fig. 2. According to our experience,

reducing the number of meta-atoms in the side will have a large impact on focusing
efficiency. In this work, the matrix pencil method was only used on the parts where O, = 25

and O, =30 . The minimum number of random meta-atoms is determined by Eq. (8), while
the maximum number is determined by the antenna array aperture size. The numbers of

randomly distributed meta-atoms for the two sections O and Q," are ranging from 14 to 22

and from 14 to 25, respectively. We list the focusing efficiencies with respect to the number
of random meta-atoms as shown in Table 1 and Table 2. The purpose of this is to obtain the
highest focusing efficiency while with minimum number of meta-atoms. The error in Table 1
to Table 3 is defined as the aberration between the designed and simulated focal lengths.

We chose O, =20, O, =17, and O, =19 to generate the random metalens (Fig. 5 (a)).

After reconstructing the far field, we simulated the intensity distributions of the periodic and
random metalenses (Fig. 5 (b) and (c)). We obtained the focusing efficiencies to be 86.7%
and 85.7%, respectively. And the full width at half maximum (FWHM) of normalized
intensity at the focal plane is 1.50 £ 0.0lmm (Fig. 5 (d) and (e)), with respect to the
diffraction limit of 1.51 mm. We also show the normalized intensity at the focal plane for
random metalens with 86 meta-atoms when synthesized uniformly in Fig. 5 (f). As predicted,
strong side lobes are observed, which reduces dramatically the focusing efficiency. In order to
show the advantage of the proposed matrix pencil method for synthesizing random
metasurfaces, we list the focusing efficiencies of 10 kinds of arrays (denoted as 1 to 10 in
Table 3) by distributing 111 meta-atoms using the previously reported algorithm [37,38] in a
same aperture. We can see that the average efficiency is 69.6%, which is much smaller than
the metalens designed by the proposed algorithm.

0

Normalized AF (dB)

—— Periodic array, number=149 {
----- Synthesize separately, number=111 ;

i Synthesize uniformly, number=111
8

L Synthesize uniformly, number=86

-80 -60 -40  -20 0 20 40 60 80
6 (degree)

-50

Fig. 3. Normalized array factor (AF) of the periodic and synthesized random metasurface
antenna array with matrix pencil method directly and separately. The original periodic array is
with 149 meta-atoms, the number of random meta-atoms are 111 and 89 when synthesized
directly, and are 111 when synthesized separately.
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—&— Synthesize uniformly, number = 111
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-©— Synthesize separately, number = 86

20 0 80 80 100
Number of meta-atoms

Fig. 4. Normalized excitation amplitude of the metasurface array antenna when obtain the
random matrix with uniformly and separately sparse strategies, respectively.

Table 1. Focusing efficiencies of the second part (25 number of meta-atoms) of a series of
random metalens different number of random meta-atoms ( Q] ) from the matrix pencil

method
o’ 22 21 20 19 18 17 16 15 14
1
Error (4,) 0.9 0.9 0.9 1.0 0.9 1.0 0.9 1.0 0.9
Focusing = a0 c0/ 862% 859% 86.1% 86.8% 86.6% 82.8% 84.6% 82.9%
efficiency

Table 2. Focusing efficiencies of the second part (30 number of meta-atoms) of a series of
random metalens different number of random meta-atoms ( Q2 ) from the matrix pencil

method
Q’ 25 24 23 22 21 20 19 18 17
2
Error (4,) 0.1 0.5 0.1 0.2 0.04 004 004 004 03
Focusing g G0/ 8519  86.8% 86.1% 79.5% 852% 86.7% 82.1%  85.5%
efficiency

Table 3. Focusing efficiencies of 10 kinds of random metalens with 111 number of meta-
atoms obtained by full random algorithm, respectively

Random array 1 2 3 4 5 6 7 8 9 10
Error ( /7.0 ) 0.5 0.6 1.1 1.1 0.5 0.9 1.1 0.6 1.0 0.6
Focusing

. 73.6% 71.6% 62.7% 702% 73.6% 70.1% 64.4% 69.9% 71.1% 69.1%
efficiency




Research Article

Optics EXPRESS

(a)

00RO T e e R T A MO

80
0.9
75| 0.8
0.7
70 I 106
E | dos
65 } 104
0.3
60 0.2
0.1
20

530 -10 0 10
xmm
I N R R N N R T L 10 0 0 20 %

Normakzed rtensity
Normalized intensity

Fig. 5. Simulated power intensity of the periodic and random metasurface antenna array (a),
the focusing efficiencies are 86.7% and 85.7% for periodic (b) and random (c) array,
normalized intensity of the focusing field for (d) periodic and (e) random array with 111 meta-
atoms when synthesized separately (f) random array with 86 meta-atoms when synthesized
uniformly.
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Fig. 6. Simulated power intensity of the 2D periodic and random metasurface antenna array
(a), the focusing efficiencies are 81.5% and 78.2% for periodic (a) and random (b) array, and
the cross section power intensities at the focal plane with x and y polarizations (c).

We also demonstrated a 2D random metalens converted from a periodic metalens with a
100100 array of meta-atoms (Fig. 6). Only quarter of the full array was synthesized with the
proposed method. The other parts were obtained due to the symmetry. The focusing
efficiencies for the random and periodic metalenses are 78.2% and 81.5%, respectively. The
FWHM of the intensity distributions of the random metalens at the focal plane with x and y
polarizations, respectively, are shown in Fig. 6 (c). It clearly shows that our designed random
metalens is polarization independent.

4. Conclusion

We presented the matrix pencil method for synthesis of random metalenses. In order to design
high-efficiency random metalenses, the idea is to reconstruct well the far field with excitation
amplitude of the meta-atoms, to archive better near field focusing reconstruction. The meta-
atom array is first divided into several sections, and the matrix pencil method is employed in
sections separately. The relationship between the focusing efficiency and the number of
random meta-atoms as well as the excitation amplitude are discussed in detail. A random
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metalens with focusing efficiency of 85.7% is designed. The simulation shows that it is much
higher than the random meta-atoms designed by the previously reported algorithm [37,38].
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